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(1965), based on a lattice-dynamical analysis of their
measured phonon dispersion relations. On the whole,
there is reasonably good agreement between obser-
vation and theory. The theory neglects anharmonic
contributions to the Debye—Waller factors, and this
could account for the observed displacements for U
exceeding the calculated displacements, especially at
high temperatures.

Conclusions

The data of Willis (1963) have been re-analysed with a
structure-factor equation including third cumulants.
The only non-vanishing third cumulant for UO, is ¢,,,
for the O atom. Introducing c?,, into the analysis
accounts for anisotropic anharmonic thermal motion of

Acta Cryst. (1980). A36, 584588
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the O atom. ¢%,,, By; and B, have been derived over the
temperature range 293 to 1373 K. The e.s.d.’s of ¢,
are too large to allow a rigorous check of the
theoretical dependence on temperature, but B; and B
are in reasonable agreement with those predicted by the
theory of lattice dynamics.
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Abstract

Analytic expressions for the integrated intensities of
reflexions from faulted close-packed structures have
been obtained. These involve a single root of the
characteristic equation (the root which corresponds to
the reflexion under consideration), its coefficients and
the initial conditions. The particular utility of the
solution for cases where one or more roots of the
characteristic ~equation have wunit modulus is
demonstrated.

Introduction

Diffraction from close-packed crystals with stacking
faults has been investigated by a large number of
workers and has been reviewed by Warren (1959,
1969), Wilson (1962), Cohen & Hilliard (1966) and
Anantharaman, Rama Rao & Lele (1972) among
others. In their pioneering papers, Wilson (1942) and
Hendricks & Teller (1942) developed distinct
approaches to a solution of this problem. The present
paper describes a simplification in the procedure for the

0567-7394/80/040584-05%01.00

evaluation of integrated intensities following the dif-
ference-equation method of Wilson (1942). This
method also enables an analytical solution for the
diffuse diffracted intensity when the characteristic
equation found from the difference equation has roots
with unit modulus.

Formulation of the problem

In general, the diffracted intensity from a possibly
faulted crystal is given by (Warren, 1959)

I(hy) = w? 3 (exp li®, 1) exp (2 mimhy/n), (1)

where h,, h,, h, are continuous variables in reciprocal
space, w? is a function of A, h, which vanishes except
when 4, = H, h, = K, H and K being hexagonal indices
with integer values, and @,,, the phase difference across
a pair of layers m layers apart, is given by

@, = 2n/3)(H—-K)q,, (2)
q,, being the displacement of the m layer from the origin
© 1980 International Union of Crystallography



SHRIKANT LELE

layer in units of the stacking offset vector (1/3) (1100},
and 7 is the number of layers in the hexagonal unit cell.
Thus, reflexions with H — K = 0 (mod 3) are unaffected
by faulting.

The evaluation of the diffracted intensity, therefore,
reduces to the determination of

Jn={exp [i®,]) (3)

for reflexions with H — K # 0 (mod 3) and is based on
the statistical specification of the distribution of
stacking faults. Denoting the probability of obtaining
the phase difference ®,, across m layers by P(®,,), we
can write

Ju=2 P(®,)exp li®,], 4)

where the summation extends over all possible values of
@,,. The probability P(®,,) is itself a function of the
stacking-fault probability a. Once the structure and
the fault are specified, the probabilities of transition
from the (m — 1) layer to the m layer can be expressed
in the form of trees from which difference equations for
P(®,,) and consequently J,, can be found (Lele, 1974).
The latter can be expressed, in general, as follows:

Jmin+ QpImona +eeta Iy, +ayJ,=0. (5)
A solution for this difference equation is of the form
In=Cp™ (6)

On inserting this solution in the difference equation (5)
for J,, an n-degree equation in p, usually called the
characteristic equation, is obtained. The general
solution for J, is obtained by forming a linear
combination from all the » roots, p, (j=0ton—1),of
the characteristic equation. Thus,

n—1

J,=73 C,pn

J=0

@)

The proportionality factors (C;, j = 0 to n — 1) can be
evaluated by first directly determining J,, (m =0ton —
1), which specify the initial conditions, and subsequen-
tly solving n simultaneous equations of the type of (7)
since the roots, p;, of the characteristic equation are
known. Both p; and C; are generally complex and can
be expressed in terms of real quantities Z; (real as well
as positive), X;, 4, and B, as follows:

®
9

The diffracted intensity can then be obtained by
substituting from (3) and (7) into (1).

p,=Z,exp (—27iX,/n),

n—1 oo
Ih)=y* Y Y C;p" exp 2mimhy/n),

]=0 m=—c0

H—K+0(mod3). (10)
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Each of the n series over m on the right-hand side of
(10) is a geometric series which can be summed for 1 p,|
< 1 but not for p;I = 1. Thus roots with unit modulus
need to be distinguished. Let the p roots, p;, j = (n — p)
to (n — 1), have unit modulus. Separating the series in
(10) into two parts according as Ip;| < 1 and Ip;l = Z,
= 1, we have

n—p—1 o

Ihy)=y? 3 Y C;p)" exp 2nimhy/n)

Jj=0 m=—o0

n—1 ]
+y? ¥ Y Cyexp(—2rmilmlX,/n)

J=n—p m=-c0

x exp (2mimh,/n), H— K # 0 (mod 3). (11)

We consider the two terms on the right-hand side of
(11) separately by introducing

n—p—1

[o 0]
I,(h;) = y? Y C,p"exp 2mimhs/n),

J=0 m=-

Ipl <1, (12)

n—1 [o o]
I(h)=w? 3 3 Cjexp (2nim/n) (hy—~ X)),

J=n—p m=—c

Ip)l = 1. (13)
Summing the series over m in (12) separately for m = 1
to oo and m = —1 to —oo, we have
n—p—1 C C* p*
L) =vy* 3 a4 =2 I8 L
j=0 E—p E*-— P}k
lp,l <1, (14)
where
E = exp (—2mih,/n). (15)

On simplification, we obtain
n—p—1

L) =v* 3 14,12 =28,Z,

x sin (27/n) (hy — X))/[1 + Z} - 2Z,
x cos (2n/n) (h; — X)), 1pl < 1. (16)

Thus, each of the (n — p) roots with modulus less than
unity gives rise to a diffise peak at h; = X, j = 0 to
(n—p—1.

As already mentioned, the series over m in (13)
cannot be summed. Usually for |p,| = 1, B;=0 and X,
is an integer and (13) reduces to

n—1 o
I(h)=y? 3 3 Ajcos 2um/n)(h; — X)),

J=n—p m=-c0
Ilpt=1. (17)
Thus each of the p roots with unit modulus gives rise
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to an infinitely sharp peak at h; =
(n—1.

The integrated intensity for each of the » reflexions
corresponding to the n roots of p can be obtained by
separately integrating each term in (16) and (17) over
hy from —n/2 to +n/2 and can be shown to be equal to
Aj;apart from a constant.

The solution for the C; can be effected by applying
Cramer’s rule to equations of the type of (7) and we
shall be concerned in the next section of this paper with
a s1mpl1ﬁcat10n in their evaluation so that each C; can
be expressed in terms of a single root, namely the
corresponding root p;, the coefficients of the charac-
teristic equation and the initial conditions.

By carrying out the summation in (14), and replacing
the elementary symmetric functions of p; by a; and the
expressions involving C; by J,,, Gevers (1954 see also
Holloway, 1969a) has obtamed an expression for the
diffracted intensity that involves only a; and J,, and
thus does not necessitate a solution of the charac—
teristic equation nor of the simultaneous equations for
C;. Obviously, this solution is not valid when one or
more roots, i.e. p;, have a modulus equal to unity.
Examples of such a situation are provided by the triple
fault in f.c.c. structures (Sato, 1966) and the extrinsic or
layer displacement fault in h.c.p. structures (Lele,
Anantharaman & Johnson, 1967; Pandey, Lele &
Krishna, 1980).

We shall also consider, with applications, in the last
section of this paper, the special utility of the present
method of evaluating C; in obtaining the diffracted
intensity when one or more of the p; have unit modulus.

X, j=(@n—p)to

Integrated intensities

Substituting from (6) into (5) and simplifying, we get a
characteristic equation of the following general form

Fpy=p"+a,_,p" ' +...
In terms of its roots, this can be expressed as

F(p)=(p—p)(p—p) . (p=pn_2) (p—p,_1)=0
(19)
The coefficients, a;, and the roots, p;, j = 0 to (n — 1)
are functions of the fault probability and are related
through standard expressions.
From (7), we have

+ap+a,=0. (18)

Copt™ '+ Cipi™ '+ +C ot + C, 1/7','.—}= n-1
Cop82+01p3‘2+ A Coa 3+ ColypnTi=J,
Cop0+C1p1 ot CpaPprt Cpy Py =J,
C +C, +...+C,_, +C,_, =J, (20)
Using Cramer’s rule, we have from (20)
C;=N,/D, j=0to(n—1), 21
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where N; and D represent the following determinants:

ot P o Jaly i P Pl
P TR piTE Jaly PR PRT pnd
N—| 3 . . ’
Po Pr o Pisy Iy Piey e Puoa Pay
1 1 ... 1 J 1.1 1
j=1to(n—1); (22)
T S SR OOY ot S
pe~t P piT Pt
D=| : : (23)
Po Pr o Pn_z Pn
1 1 ... 1 1

We shall consider a further simplification for the
specific case of C,. The determinant N, vanishes when
p; = p(k > j # 0), since it then has two columns
identical. Hence, by the remainder theorem, it has
factors (p; — p,) where k > j # 0. We may thus write

No=(p1=p)(pr—P3) -+ Pz — Pu_1)
X (Pu_2— Pn-1) My =Py M, (24)
say, where M, has to be determined. By a similar

argument, D has factors (p; — p,) with k > j # 0 as also
factors (p, — p,) with k += 0. Hence,

D =Py(p,— P2) -+ (po Pn_y) D',

(25)
where D’ has to be evaluated. To do this, we observe
that D is a homogeneous polynomial of degree n(n —
1)/2in p; and thus D’ must be independent of them and

so is a numerical constant which can be shown to be
unity. Thus

D = Py(py—
=Py E,

P (py— — Pu-2)(py—

p2) - (po Pn-1)

(26)

P1)(Po— — Pn-2)(Po—

say. The (n — 1)(n — 2)/2 factors representing P, are
common to Ny and D and will cancel on substitution in
(21). Therefore, only the last (n — 1) factors need
further consideration. Let us introduce the coefficients
b, j=0to (n— 2) through

i
F(p)(p—p)=(p—p)p—p) ... (0—p,_»)
X(Pp=p,_)=p""+b,_,p"?
+...+bp+ by, 27
From (26) and (27), we have

Eq=D/Py=p3~ '+ b, ,pi~2+...+ b, py+ by (28)

Considering the expansion of D in terms of the elements
of the first column of D and their cofactors (equation
23), it is obvious that the b; are just the cofactors except
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for the common factor P,. A similar expansion of N,
(equation 22) thus gives

My=Ny/Py=J,_1+b,_3Jp_5+... + b, J, + by J,.
(29)

Substituting in (21) from (28) and (29), we have
Co=[J, 1+ by s Jy y+..c+bJ + byl

X [p3=V+ b, P27 +... + b py + bpl~L. (30)

An alternative expression for C, in terms of g, rather
than b, can be obtained by multiplying (27) by (p — p,)
on both sides, substituting for F(p) from (18) and
equating the coefficients of p/ (j = 1 to n — 1) on both
sides. Thus,

by_1—bpy=a, j=1to(n—1) @31

The solution of this difference equation is
bi=pi " +a,_ pi T+ .+ ay,p0+ apy,. (32)

Substituting from the above into (30), we obtain, after
rearranging in decreasing powers of p,,

C,=[Jyps '+ (Jya,_, +J)pE 2 +...
+ (Jpa, +Jiag+ ...+ J,_sa,_+J,_5) Py
+(Jpa,+Jay+ .o+, ya, 1+ J, )]
xnpf=t+ (n—1)a,_,p§?

+ o+ 2a,p0 + a;17L (33)
Since the analytical solutions (equations 30 and 33)
for C, involve only the corresponding root of the
characteristic equation, namely p, apart from the
coefficients (a, or b;) and the initial conditions, it
follows that knowledge of the value of a single root, p,,
is sufficient for the evaluation of the respective C,. On
the other hand, a direct evaluation of C; from (21)
requires a knowledge of all the roots rather than the
coefficients of the characteristic equation. Since ex-
pressions for the coefficients are generally much simpler
than those for the roots (in fact for equations of degree
higher than four, it may not be possible at all to have
analytical expressions for the roots), the convenience in
obtaining the integrated intensity from (33) is obvious.

Applications for cases with solutions having unit
: modulus

The diffracted intensity from diffuse reflexions can be
obtained by summing the series on the right-hand side
of (14) following the procedure of Gevers (1954) and
Holloway (1969a). Consequently, elementary sym-
metric functions of only those roots with 1p;| < 1 will
appear in this expression. These can be obtained by
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dividing (18) by p factors (p — p)), Ip;l = 1,j= (n — p)
to (n — 1), giving

Gp=p"P+d, , pP 1 +...+dp+d,=0.(34)

The roots of this equation are identical to those
involved in the summation mentioned above and
hence the elementary symmetric functions of these roots
are equal to the d;, apart from their signs. Thus g,
should be replaced by d; in the analytic solution for the
diffracted intensity obtained by Gevers and Holloway.
In a similar fashion, the J, (equation 7), which
correspond to a sum over all roots, should be replaced
by K,, which have a sum over the roots with Ip;l <1
only. Thus,

n—p—1
K,= 3 Cpn (35)
Jj=0
Utilizing (7), we can rewrite (35) as
n—1
K,=J,— 2 C,pp (36)
J=n-p

We have thus obtained a self-consistent set consisting
of the characteristic equation (34) and the initial
conditions (equation 36) which no longer have the
effects of any roots with unit modulus and thus can be
used as input for the calculation of the diffracted
intensity by the method of Gevers (1954). As already
mentioned, the diffracted intensity corresponding to the
roots with unit modulus consists of sharp peaks and has
to be superposed on the diffuse intensity corresponding
to the roots with non-unit modulus.

As an illustration of this procedure, we shall consider
the case of extrinsic faulting in h.c.p. crystals. Follow-
ing Holloway (1969b), the characteristic equation is

pPr—A—-a)yp—2a(l —a)p—a?=0, (37
which has one root, say p; with unit modulus (Z, = 1;
X, = 0), while the initial conditions are

Jo=1, J,=Q2—Ta+ 6a*)/2(1 +a), (38
J =—=1/2,J;= (=1 + 5a— 3a?— 3a%)/2(1 +a). )

Dividing (37) by (p — p;) = (p — 1), we have

pP+pr+ RQa—atp+a?=0. (39)
Thus,
b,=1,b,=2a—a? by=a’ (40)
Utilizing (38) and (40), we obtain from (30)
Sy +dyby+ Ji by + Jyby
P p3+bypi+ bips+ by
= (1 —2a)*/4(1 + a)~ 41)
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From (36), (38) and (41), we get
Ky,=3(1 + 4a)/4(1 +a)?,
K, =-3(1 + 2a?)/4(1 +a)?,
K, =3(1 —2a)(1 — 20%)/4(1 +a)x (42)

Following Gevers (1954) and Holloway (1969a), the
diffracted intensity for the diffuse reflexions is given by

I(h)=K,+ [2 i A cos (mjhy) é B, cos (7rjh3)] ,
Jj=0 Jj=0
(43)
where
Ay=b,K, + b(K, + b,K))— b3 K,,
A= +b)K, + (by + b)(K, + b K,)— b, by K,
A,=b,K, + K, + b,K, — b, by K,,
Ay =—bo Ky
By=1+ b2+ b2 + b},
B,=2(b, + byb, + b, by),
B, =2(b, + b, by),
B, = 2b,.

Substituting from (40), (42) and (44) in (43), we have
after simplification

ILih) ={3a(l — d)[2 — 3a +2a’ + (1 + a—2a?)

X cos mhy + 2acos? nh,1}/{2(1 + a)

(44)

x [1+ o + 2acos 7h,]
X [(1 —a)? + (1 —a?)
X cos mhy + 2a cos? mh,l}, (45)

which is identical with the expression obtained by Lele,
Anantharaman & Johnson (1967) and Holloway
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(1969b). It may be noted that except for the root with
unit modulus and the corresponding integrated inten-
sity, which could be obtained very simply, no other root
or integrated-intensity values were necessary for the
calculations.

The author 1is grateful to Professor T. R.
Anantharaman for encouragement and interest and to
Professor S. L. Malhotra for the provision of labora-
tory facilities. Thanks are due to Dr Dhananjai Pandey
for helpful discussions.
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The Fragile Lattice Packings of Spheres in Four-Dimensional Space
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Abstract

In a fragile packing of spheres, the density of the
packed spheres is minimized. There are exactly nine
distinct indecomposable fragile lattice packings in
four-dimensional space; they are described in terms of
their associated quadratic forms.
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The three-dimensional fragile lattice packings of
spheres were determined by Fields (1980). There are
only the simple cubic, simple hexagonal, body-centered
cubic and body-centered tetragonal packings. Of these
lattices, only the latter two are indecomposable: the
simple cubic is the orthogonal sum of three one-
dimensional lattices, and the simple hexagonal lattice is
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